A graph is fully gated when every convex set of vertices is gated. Doignon posed the problem of characterizing fully gated graphs and in particular of deciding whether there is an efficient algorithm for their recognition. While the number of convex sets can be exponential, we establish that it suffices to examine only the convex hulls of pairs of vertices. This yields an elementary polynomial time algorithm for the recognition of fully gated graphs; however, it does not appear to lead to a simple structural characterization. In this direction, we establish that fully gated graphs are closed under a set of 'convex' operations, including a new operation which duplicates the vertices of a convex set (under some well-defined restrictions). This in turn establishes that every bipartite graph is an isometric subgraph of a fully gated graph, thereby severely limiting the potential for a characterization based on subgraphs. Finally, a large class of fully gated graphs is obtained using the presence of bipartite dominators, which suggests that simple convex operations cannot suffice to produce all fully gated graphs.
Background
In this paper, we consider finite, simple graphs. Let =(V , E) be a graph. Then the graph H =(W, F ) is a subgraph of if W ⊆ V and F ⊆ E. It is an induced subgraph if, whenever e ∈ E and e ⊆ W , we find e ∈ F . When W ⊆ V , we denote by W the subgraph of induced on W.
For x, y ∈ V , x = y, an x, y-path is a sequence v 0 , . . . , v of vertices with v 0 = x, v = y, v i = v j unless i = j , and {v i , v i+1 } ∈ E for 0 i < . The length of the path is its number of edges. The distance between x and y, denoted by dist (x, y), is the length of the shortest x, y-path, and an x, y-path of length dist(x, y) is an x, y-geodesic. The x, y-segment is the union of all x, y-geodesics in , and is denoted by [x, y] or simply by [x, y] . We omit the reference to in these notations when the graph is clear from the context.
A subgraph H of is isometric if, for every two vertices x, y of H, dist H (x, y) = dist (x, y). Evidently an isometric subgraph is induced, and so we can represent such a subgraph simply as its vertex set. An induced subgraph H is convex in if it is isometric in and, for every two vertices x, y in H, every vertex on an x, y-geodesic in lies in H. For a subset X of the vertices of , the convex hull of X, denoted by hull(X), is the smallest convex subset of the vertex set of which contains X. Trivial convex sets in a graph are the entire graph, the empty set, and any set containing a single vertex. For the graph = (V , E), a set X ⊆ V is gated if, for every vertex y ∈ V \X, there is a unique vertex g ∈ X for which dist(y, x) = dist(y, g) + dist(g, x) for every x ∈ X. The vertex g is the gate for y in X. If such a gate is present, it must be the vertex of X that is at the smallest distance from y of any vertex in X. A set X which is not gated necessarily has some vertex w ∈ V \X and vertices g, h ∈ X for which g is a closest vertex in X to w (so that dist(w, g) < dist(w, h) + dist(g, h) and dist(w, h) < dist(w, g) + dist(g, h)). Such a vertex w is a witness that X is not gated. Doignon [5] observed that a gated set X must be convex. To see this, consider a set X of vertices which is not convex, and a shortest geodesic between vertices of X which does not lie within X . Let x, y ∈ X be the endvertices of this geodesic. Let z be the neighbour of x on this geodesic. If z ∈ X, then the selected geodesic is not the shortest one which fails to lie entirely within X, so we conclude that z / ∈ X. But then x is the nearest vertex of X to z, and dist(z, y) < dist(x, z) + dist(x, y), so z serves as a witness that X is not gated.
If X is a set of vertices, and w ∈ V \X is a vertex which has two or more closest vertices in X, it is immediate that w serves as a witness that X is not gated. In this case, w is a myopic witness since it suffices for w to see only the closest vertices in X to testify that X is not gated.
Doignon [5] posed the problem of determining when a graph is fully gated, i.e. when every convex set is gated. One form of this problem is to determine whether there is an efficient (polynomial time complexity) algorithm for deciding whether a graph is fully gated. We provide such an algorithm in Section 3. A second form of this problem is to provide a structural characterization of fully gated graphs. We describe a number of constructions for fully gated graphs to demonstrate that they have a surprisingly rich structure.
The determination and characterization of fully gated graphs hinge on the structure of the convex sets. Every graph has as nontrivial convex sets its pairs of vertices which induce edges. Trivial convex sets are always gated sets by definition. Doignon [5] established that all edges are gated exactly when there is no odd cycle. To see this, first observe that if e = {x, y} is an edge and an x, y-geodesic in − e has even length, then the vertex equidistant from x and y on this geodesic serves as a witness for the edge e. So there can be no shortest odd cycle, and hence no odd cycle. Next, if e = {x, y} is an edge of a bipartite graph (i.e. a graph with no odd cycle), since x and y are in different classes of the bipartition distances to any other vertex from x and y differ by exactly one, and hence e is gated. Thus the first and most substantial restriction on fully gated graphs is that they are bipartite.
It can happen that the only nontrivial convex sets in a bipartite graph are the edges. In this case, the graph is trivially fully gated. Despite this choice of terminology, we do not mean to suggest that trivially fully gated graphs form a trivial class of graphs. Indeed, a simple structural description of the graphs in which the convex hull of any two nonadjacent vertices is the entire graph appears not to be known.
However, the more interesting case arises when there are nontrivial convex sets other than edges. We first describe some simple operations on fully gated graphs in Section 2. We then establish that, while the number of convex sets can be exponential in the number of vertices, it suffices to check only a small collection of convex sets in order to determine whether a graph is fully gated. We also consider restricting the set of potential witnesses for a given convex set. These lead to an efficient algorithm for recognition in Section 3. In Section 4 and 5, we describe two operations, convex expansion and convex duplication, under which fully gated graphs are closed. These operations can be used to establish that every bipartite subgraph is an induced subgraph (indeed, an isometric subgraph) of a fully gated graph. In Section 6, we then provide a further operation which can be employed to embed arbitrary bipartite graphs in fully gated graphs.
Examples of fully gated graphs
Let n be a positive integer, and let T be the set of all binary vectors of length n. For two such vectors v, w, their Hamming distance is the number of coordinate positions in which the vectors disagree. Taking the vectors of T as vertices, and forming an edge whenever the Hamming distance between the corresponding vertices is 1, a graph known as the n-cube is formed. For every n, the n-cube is a fully gated graph; the convex sets of the n-cube are the embedded k-cubes for each 1 k n, so the verification is routine.
Winkler [11] examined a generalization to partial cubes, those graphs which are isometric subgraphs of the n-cube for some finite n. Partial cubes admit a vertex labelling with binary n-vectors for some finite n, so that the (graph) distance between two vertices coincides with the Hamming distance between the corresponding labels (see, for example, [6, 7] ). Using this labelling, the convex hull of any pair {x, y} of vertices consists of precisely those vertices whose labels agree with the entries in the coordinate positions in which the labels of x and y agree.
Partial cubes are not, in general, fully gated; any cycle of even length is a partial cube, but when the length exceeds four, such a cycle is not fully gated since no path on two edges in the cycle is gated. However, an important (and more widely studied) subclass of partial cubes does contain fully gated graphs. A median for three vertices u, v, and w in a graph is a vertex x which lies simultaneously on a u, v-geodesic, a u, w-geodesic, and a v, w-geodesic. A graph is a median graph if every three vertices admit a unique median. Median graphs were first studied by Nebesky [10] and are partial cubes as a consequence of the characterizations of Bandelt [1] and Mulder [9] .
We establish next that median graphs are precisely the fully gated partial cubes: Proof. If is a median graph, then is a partial cube [1, 9] . To see that is also fully gated, suppose that x, y are in a convex set C and that w is a witness that C is not gated because x is the closest vertex to w in C, but dist(w, y) < dist(w, x) + dist(x, y). Consider then the three vertices w, x, y. An x, y-geodesic lies entirely within C by definition, and a w, x-geodesic meets C only in the vertex x because x is the closest vertex in C to w. So if w, x, y admit a median, it must be x; however, x lies on no w, y-geodesic. Hence if is not fully gated, it is not a median graph.
In the other direction, suppose that is a partial cube. Assign a labelling to the vertices of with binary n-vectors so that Hamming distance and distance within coincide. Now let x, y, and z be three vertices of , and suppose that x and y are at maximal distance among these. Using the labelling, it can be verified that z ∈ hull({x, y}) if and only if z is on an x, y-geodesic. If z ∈ hull({x, y}), then z is therefore the unique median of {x, y, z}. Suppose then that z / ∈ hull({x, y}). If is fully gated, then hull({x, y}) has a gate g for w; this gate g is the unique median of {x, y, z}. Hence if is a fully gated partial cube, is a median graph.
Median graphs have been extensively studied, and numerous generalizations have been examined. Among these are classes of partial cubes (see [6] , for example) and 'quasi-median graphs' (which, in general, are not bipartite) [2] . Fully gated graphs appear to generalize median graphs in a different direction.
We next describe a simple construction for fully gated graphs, which we call convex identification. Let = (V , E) and H = (W, F ) be two fully gated graphs, for which V ∩ W = C. Suppose that C is the same in and in H. Then the identification of and H along C is the graph K = (V ∪ W, E ∪ F ). When C is convex both in and in H, this is the convex identification of and H along C. We extensively use the simple observation that the intersection of two convex sets is convex.
Lemma 2.2. If K is the convex identification of fully gated graphs = (V , E) and H = (W, F ) along C, then K is fully gated and C is convex in K.
Proof. If C is empty, K is the disjoint union of and H and the statement is trivial. Suppose that C is nonempty, and consider a convex set X of K. Let X = X ∩ V , X H = X ∩ W , and X C = X ∩ C = X ∩ X H . The convex sets of K include V and W. Since C = V ∩ W , it is also convex in K. Then X is convex in K (and in ), and X H is convex in K (and in H).
If X and X H are both nonempty, we set gates for X in K by setting gates for V \X as for the convex set X in , and for W \C as for the convex set X H in H. The verification is straightforward.
Otherwise, without loss of generality X H is empty but X is not. In this case, set gates for V \X as for the convex set X in . For w ∈ W \C, determine the gate h of w for C in . Then the gate of w for X in K is the same as the gate of h. Again the verification is straightforward.
The operation of convex identification can be reversed. Let K be a fully gated graph and C be a convex set of K. Partition the vertices of K not in C into two sets A and B, so that no edge of K has one endpoint in A and the other in B.
Then A ∪ C and B ∪ C form a convex separation of K along C. It is easily checked that A ∪ C and B ∪ C are fully gated and that C is convex in each; hence K is their convex identification.
As a very special case, convex separation along the empty convex set allows us to partition a disconnected graph into connected components, since the components are all fully gated exactly when the entire graph is. By the same token, convex separation along single vertices allows us to split a graph into its 2-connected components (or 'blocks'), since the 2-connected components are all fully gated exactly when the entire graph is. Hence we can treat only 2-connected graphs from this point on.
In identification, the restriction to convex sets appears to be necessary. Fig. 1 shows two graphs, and the result of an identification along a path on two edges which is convex in one graph and isometric in the other. Although both graphs are fully gated, their identification is not.
The cartesian product of graphs = (V , E) and
, where {(a, x), (b, y)} ∈ E exactly when a = b and {x, y} ∈ F , or {a, b} ∈ E and x = y. When C is convex in and D is convex in H, C × D is convex in their cartesian product; indeed these are the only convex sets. If g serves as the gate for a in , and h as the gate for x in H, then (g, h) serves as a gate for (a, x) in the cartesian product. Hence we have:
Lemma 2.3 (Doignon [5]). Fully gated graphs are closed under cartesian products.
We generalize Lemma 2.3 in Lemma 4.1. Cameron [4] and Doignon [5] remark that dual polar spaces of type D n (q) are fully gated, as a consequence of the characterization by Cameron [3] .
The examples provided by median graphs and dual polar spaces, using applications of cartesian product and convex identification, appear to account for a very small fraction of the fully gated graphs. To examine this, we adapted a graph generation program, makeg, included in McKay's nauty package [8] . We employed makeg to form connected, bipartite graphs, and then removed those which are not 2-connected. We tested each to determine if it is fully gated. We distinguish between those which are trivially fully gated and those having other convex sets. The numbers of graphs in these classes for up to 14 vertices are shown in Table 1 .
The enumeration results establish that fully gated graphs form a substantial class, and that the few examples provided by the techniques examined thus far are not indicative of the variety of fully gated graphs.
Recognizing fully gated graphs
In this section, we prove the statement that in order to check whether or not a graph is fully gated, it suffices to check only those convex sets which are convex hulls of pairs of vertices. This is sufficient to guarantee that there is an efficient (polynomial time) algorithm for the recognition of fully gated graphs. The actual statement is a little more complicated: Lemma 3.1. A graph is fully gated if and only if there is no selection of three distinct vertices w, g, h for which dist(w, g) dist(w, h) and
C is the convex hull of g and h, and w is not in C;
2. g has no neighbour s in C for which dist(w, s) < dist(w, g); 3. h has no neighbour s in C for which dist(w, s) < dist(w, h); 4. there is no vertex z other than w which is not in C, and lies both on a w, g-geodesic and a w, h-geodesic; and
Proof. If such a selection of three vertices exists, then w is a witness to the fact that the convex set C is not gated, since no w, g-geodesic passes through h and no w, h-geodesic passes through g. Indeed, a w, g-geodesic and a w, h-geodesic can meet only at the vertex w.
In the other direction, let us suppose that is not fully gated. Then there is a convex set C and a witness w to the fact that C is not gated. In particular, C must contain vertices g, h, x, y with g = h, so that
conditions (2) and (3) above are met by w, g, and h, and dist(w, g) dist(w, h). When inequalities (1) hold, we claim that they continue to hold with x = g and y = h, i.e. that
Suppose for the moment that the inequalities (2) fail to hold. Since dist(w, g) dist(w, h), the first inequality does hold. Hence the second must not, so dist(w, g)
which contradicts the definition of distance. Thus whenever the inequalities (1) hold, the inequalities (2) also hold. This permits us to consider only the vertices w, g, and h. It also establishes that condition (5) in the statement of the lemma is met. Next let us suppose that there is a vertex z other than w which lies on some w, g-geodesic and also on some w, hgeodesic. If z is in the convex set C, then conditions (2) and (3) are violated. So z is not in C. Then z can serve as a witness in place of w. Indeed, we find that dist(w, z) + dist(z, g) = dist(w, g) and dist(w, z) + dist(z, h) = dist(w, h), so making appropriate substitutions for dist(w, h) and dist(w, g) in the inequalities (2) and cancelling equal terms, we find that the inequalities continue to hold with z in place of w. By repeated application of this argument, we ensure that z is a 'closest' witness for C. In particular, condition (4) holds.
The essential content of the statement of the lemma is that C can be selected to be the convex hull of two vertices. At this point, C is an arbitrary convex set containing the two vertices g and h. Let C be the convex hull of {g, h}. Since C contains [g, h] along with possibly other vertices, C must be a subset of C. But then w is not in C , and indeed since all other conditions in the statement of the lemma continue to be met, w is a witness that C is not gated.
The witness chosen is constrained by being a closest witness to a convex set which is not gated. However, by a careful choice of the convex set and witness, we can restrict our attention further.
Lemma 3.2. If is not fully gated, then the vertices g, h, and w can be chosen to meet the conditions of Lemma 3.1 and the further condition that the distance from w to g and the distance from w to h differ by at most one.
Proof. Suppose that C is the convex hull of g and h, and that w is a witness that C is not gated, so that g, h, and w meet the conditions of Lemma 3.1. Suppose further that the distance from w to h exceeds the distance from w to g by at least two. Let w be a neighbour of w on a w, h-geodesic. Evidently w is not in C, and dist(w , h)= dist(w, h) − 1. Consider dist(w , g). Since w was chosen as a closest witness for C, it must happen that dist(w, g) < dist(w , g) + dist(w, w ), i.e. that dist(w , g) = dist(w, g) + 1. Thus w can serve as a witness that C is not gated. Considering distances to g and to h, the difference of these from w is smaller than their difference from w. So (by a finite number of applications of choosing a witness with smaller discrepancy between these distances), we can find a witness for which the difference between the distances to g and h does not exceed one.
Lemma 3.2 says informally that we can treat only witnesses that are 'nearly myopic', in that they need only see vertices of the convex set whose distance is the minimum, or one larger than the minimum, to testify that the set is not gated. It suggests the question of whether we can restrict our attention to myopic witnesses. We have not been able to resolve this question until this point, but have established that all graphs on 14 or fewer vertices that are not fully gated contain a myopic witness for some convex set which is not gated.
A simple algorithm which runs in polynomial time nevertheless results directly from Lemma 3.1. We simply calculate in advance the lengths of shortest paths between every two vertices. Then the convex hull of each pair can be calculated by repeatedly including vertices on geodesics between pairs of vertices already in the hull. Knowing the distances makes this straightforward, since if x and y are in the hull, and z satisfies dist(x, y) = dist(x, z) + dist(y, z), then z is on a geodesic and therefore to be placed in the hull. This operation of forming the convex hulls is tedious, but evidently requires only an amount of time which is polynomial in the number of vertices. Once the convex hull is computed, we first find, for each vertex w not in the hull, its closest vertex g in the hull. If the choice of g is not unique, w is a witness that this convex set is not gated. Moreover, if myopic witnesses do suffice, this is the only verification that would be needed. However, in the absence of an assurance of the strength of myopic witnesses, we must now verify that distances from w to elements of the convex hull are shortest through g. If this does not occur, then w is once again a witness that the hull is not gated.
We have now constrained both the convex sets to be considered and the possible witnesses. However, as we remarked, the most time-consuming operation appears to be the determination of the convex hull of each pair of nonadjacent vertices. For median graphs, Jha and Slutzki [7] establish a useful lemma. They call a set 2-convex if, whenever two vertices are in the set, all vertices on paths of length two connecting them are also in the set. They establish that, for median graphs, a set is convex if and only if it is both 2-convex and isometric, thus permitting them to avoid distance calculations. For fully gated graphs, however, this property is not known to hold.
Convex expansion
In this and the next section, we examine two further operations under which fully gated graphs are closed. Both involve the inclusion of multiple copies of a convex set, and they differ in how the copies are connected to the remainder of the graph. The first operation generalizes an operation that has been extensively explored for median graphs, convex expansion (see [6, 7, 9] for background). Let be a graph and C a convex set of . Let A and B partition the vertex set of \C, so that no edge of has one endvertex in A and the other in B. The convex expansion of along C is a graph with vertex set A ∪ B ∪ C ∪ C, where C = {c : c ∈ C} is disjoint from A ∪ B ∪ C. Whenever {x, y} is an edge of lying inside one of the classes A, B, or C, it is also an edge of . Indeed if x, y ∈ C, then {x, y} is also an edge of . If {x, y} has x ∈ A and y ∈ C, it remains an edge of ; if instead x ∈ Band y ∈ C, then it is replaced with the edge {x, y} in . Finally, for each c ∈ C, we place {c, c} as an edge of .
Median graphs can be recursively constructed using convex expansion [9] , so it is natural to examine convex expansion of fully gated graphs. We generalize the operation of convex expansion as follows. Let and H be fully gated graphs on v and t vertices, respectively. Let V (H ) = {h 1 , . . . , h t }. Let C be a convex set of , and let A 1 , . . . , A t be a partition of the vertices of \C into sets so that when x ∈ A i and y ∈ A j are adjacent in , we find that i = j . Form a graph K whose vertex set is (C × V (H )) ∪ t i=1 A i . On C × V (H ) the subgraph induced in K is the cartesian product of C and H. The remaining edges are found as follows. Edges of having neither endvertex in C are retained in K. An edge {x, y} with x ∈ A i and y ∈ C in is replaced by the edge {x, (y, h i )} in K. This is called a generalized convex expansion of along C using H. Convex expansion is simply the special case when H = K 2 .
Lemma 4.1. If and H are fully gated graphs and C is convex in , then every generalized convex expansion of along C using H is fully gated.

Proof. Let
Then 0 is just , and i for 1 i t is the convex separation of i−1 and P i along C. Hence C is convex in each i . It follows that each P i and each i is fully gated. Now form K t = C × H . Since t = C , by Lemma 2.3, K t is fully gated. Moreover, C × {h i } is convex in K t for i = 1, . . . , t. Now define K i−1 from K i by convex identification of K i and P i along C in P i and C × {h i } in K i . By Lemma 2.2, when K i is fully gated, so also is K i−1 . We conclude that K 0 = Kis fully gated.
In essence, then, generalized convex expansion can be viewed as a sequence of convex separations, one cartesian product, and a sequence of convex identifications, so that expansion is easily implied by earlier results.
Convex duplication
A more interesting (and more unexpected) operation also makes copies of a convex set of vertices. Let be a fully gated graph and C be a convex set of . The convex duplication of C in is obtained by adding to a set C ={c : c ∈ C} of vertices disjoint from those of and placing on C a copy of the edges induced on C. Whenever {x, y} is an edge of with x ∈ C and y / ∈ C, the edge is retained, and the edge {x, y} is also added. The convex duplication of C in is denoted by hereafter, and the graph is the subgraph induced on (V \C) ∪ C in . Unless otherwise stated, in the remainder of this section, when we do not specify the graph under consideration, it is to be taken to be .
Convex duplication differs from convex expansion in that no edges are placed between the original and the copy of C; and edges with one endvertex in C are duplicated rather than allocated either to the original or the copy of C.
Given x ∈ C, we denote by x the point y of C for which y = x. Defining x = x for all x ∈ , and x = x for all x ∈ extends the mappings C → C and C → C to all vertices of , in such a way that for vertices x, y of , {x, y} is an edge of exactly when { x, y} is an edge of , which in turn occurs exactly when {x, y} is an edge of . When X is a set of vertices in , we denote by X the set {x : x ∈ X} and by X the set { x : x ∈ X}. Lemma 5.1. Let P be an x, y-path of . Then P contains a x, y-path in , and P contains a x, y-path in .
Lemma 5.2. The mapping → specified by x → x and the mapping → specified by x → x are graph isomorphisms which are inverses of each other. In particular, the following hold:
. a set X is convex in if and only if X is convex in .
Lemma 5.2 establishes that and play a symmetric role, so that any statement about holds equally for .
Distances and segments
We denote by jC the boundary of C, i.e. the set of vertices in C having at least one neighbour outside of C in . Call a set C in exposed when jC = C.
y) provided that jC is a convex set and is bipartite.
Proof. We use Lemma 5.1 repeatedly. When is a u, v-geodesic in , contains a u, v-path in . Hence
Lemma 5.2 then establishes:
Statement (1) follows from (3) and the fact that is an induced subgraph of . When u, v ∈ C, set x = u and y = v; then (3) and statement (1) imply statement (2) . Statement (3) follows similarly. We prove statement (4) next. Let x and y be as in the statement. Let z ∈ jC. Then z has a neighbour a ∈ \C. It follows that an x, a-geodesic xa in has length at most 1 + dist (x, z) . Similarly, a y, a-geodesic ya in has length at most 1 + dist (y, z) . Catenating xa and ya yields an x, y-path in of length 2 + dist (x, z) + dist (y, z). Hence dist (x, y) 2 + dist (x, z) + dist (y, z) for every z ∈ jC. This proves statement (4).
For statement (5), the fact that 2 + dist (x, y) is an upper bound follows from statement (4). To verify that it is a lower bound, since is bipartite, we need only verify that there is no x, y-path in of length dist (x, y). Suppose to the contrary that is such a path. Then contains an x, y-geodesic in , and since its length is the x, y-distance, it is an x, y-geodesic. But then a is on an x, y-geodesic and hence C is not convex, a contradiction. (4), ∀y ∈ C, we find that dist (u, y) dist (u, y) and dist (y, x) dist (y, x) + 2.
. If C is an exposed convex set, x, y ∈ C, and A consists of all neighbours in \C of points in
For the second statement, statement (1) 
A necessary condition for duplication
Convex duplication can create graphs which are not fully gated despite the input graph being fully gated. Hence we must impose appropriate restrictions on the application of convex duplication. The convex set C is duplicable if jC is convex in , and for every edge {x, y} of jC and every neighbour t of x with t / ∈ C, there is a neighbour b of y which is also a neighbour of t. When the latter situation occurs, b / ∈ C. Indeed, we have the following:
Lemma 5.5. Suppose that C is convex. A neighbour u / ∈ C of a vertex x ∈ jC has exactly one neighbour in jC, namely x.
Proof. There is at least one such neighbour x of u by assumption. If there were more than one, u would be on a geodesic between vertices in jC and hence in C.
We now establish:
Lemma 5.6. Let be a fully gated graph and C a convex set of . If C is not duplicable, then the convex duplication of along C is not fully gated.
Proof. Suppose first that C is not duplicable because jC is not convex. Let x, y be two nonadjacent closest vertices of jC for which every x, y-geodesic has as interior vertices only vertices in C\jC. By assumption, {x, y} is not an edge so let z be a neighbour of x on an x, y-geodesic. Now let t be a neighbour of x in but not in C . Then {t, x, z} is convex since t has no neighbour in jC other than x, and z has no neighbour outside of C. Moreover, y serves as a witness that {t, x, z} is not gated, using Lemma 5.3 to calculate distances. Suppose instead that jC is convex but there is an edge {x, y} in jC and a neighbour t of x in \C so that t and y have no common neighbour. Then {t, x, y} is convex in . Once again, y serves as a witness, computing distances using Lemma 5.3.
Convex subgraphs and exposed sets
Lemma 5.7. When C is convex in , both C ∩ and C ∩ are convex in . As a first step to conclude that certain convex sets can be duplicated to obtain a fully gated graph, we establish the following:
Lemma 5.8. If whenever an exposed duplicable convex set is duplicated in a fully gated graph, we obtain a fully gated graph, then whenever any duplicable convex set is duplicated in a fully gated graph, we obtain a fully gated graph.
Proof. Let be a fully gated graph and C be a duplicable convex set which is not exposed, i.e. jC ⊂ C. In this event, C and B ∪ jC are graphs in which jC is convex, so that is their convex identification. Moreover, if is fully gated, so are C and B ∪ jC . In the latter graph, jC is exposed. Hence we can duplicate jC in B ∪ jC to obtain a fully gated graph H containing the convex sets jC and jC. Now form a copy of C on vertex set C disjoint from the vertex set of . Perform a convex identification of the fully gated graphs H and C along jC to form a fully gated graph K. Then perform a convex identification of the fully gated graphs K and the copy C along jC to form a fully gated graph F. F is the convex duplication of C in .
In view of Lemma 5.8, we suppose from this point on that C is an exposed convex set.
Lemma 5.9. Let X be a convex set of .
1.
If both X ∩ C and X ∩ C are nonempty, then X ∩ C = X ∩ C and moreover, whenever x ∈ X ∩ C and y is a neighbour of x not in C, we find that y ∈ X ∩ . 2. X is convex in . 3. If X ⊆ , then X\C is convex in .
Proof. Statement (1) follows immediately from Lemma 5.4(4).
For statement (2) , if X ∩ C = ∅ then X = X by construction, and X ⊆ , so the statement follows in view of Lemma 5.7. If X ∩ C = ∅, then X ⊆ and again the statement holds in view of Lemma 5.7. So assume that X ∩ C and X ∩ C are both nonempty. Then statement (1) ensures that X = X\C. In other words, X = X ∩ . Hence the convexity in follows from Lemma 5.7.
, and so X\C is convex in by Lemma 5.7.
The main theorem
In this subsection, we complete the determination of when convex duplication produces a fully gated graph. We prove the following: Theorem 5.10. Let be a fully gated graph and C be a duplicable convex set of . Then , the convex duplication along C in G, is fully gated.
In view of Lemma 5.8, it suffices to prove the theorem under the additional hypothesis that C is exposed. We prove three lemmas in order to establish Theorem 5.10, in each assuming the notation and hypotheses of the theorem strengthened to suppose that C is exposed. Proof. First we establish uniqueness. Assume to the contrary that x ∈ X ∩ C has more than one neighbour in X\C, and let a and b be two such neighbours. Then by construction, x ∈ [a, b] and so by Lemma 5.4(3) , x ∈ [a, b] . Hence x ∈ X since X is convex. In particular, then, X ∩ C = ∅ and X / ⊂ , a contradiction. Next we establish existence. Without loss of generality, X ∩ C is nonempty. X is connected since X is convex. Hence, since both X ∩ C and X\C are nonempty, there is an edge {a, x} ∈ with a ∈ X\C and x ∈ X ∩ C. By construction, the statement holds for x. Let y ∈ X ∩ C be a neighbour of x. Then since C is duplicable there exists a point b / ∈ C which is a common neighbour of a and y. By construction, b ∈ [a, y] and so b ∈ C. Thus whenever any point of X ∩ C satisfies the statement, so also do its neighbours in X ∩ C. Since X ∩ C is convex and therefore connected, a simple induction completes the proof. Proof. Let X be a convex set of and let x ∈ \C. By Lemma 5.9, X is convex in . Since is fully gated, x has a gate g for X in . Recall that X = (X\C) ∪ (X ∩ C). Thus by definition, g is the gate for x in X\C and in (X ∩ C); we refer to this as projected gatedness. In particular, if X ∩ C = ∅, then g serves as the gate for x to X in . The symmetry between and , together with the fact that x ∈ ∩ , ensures the same conclusion when X is contained in .
We may therefore assume that X ∩ C and X ∩ C are both nonempty. Lemma 5.9(1) ensures that g / ∈ C, since an x, gand an x, g-geodesic have the same length in , so g cannot serve as a gate for x.
Since g / ∈ C, projected gatedness together with Lemma 5.3 imply that g serves as the gate for x in X ∩ C. Using projected gatedness again, we conclude that g serves as the gate for x in C.
Lemma 5.13. Every convex set of has gates for every point of C ∪ C.
Proof. Let X and g be as in the preceding proof. The first part of that proof applies when x ∈ C as written. In particular, projected gatedness holds, and g is a gate for x in X when X ⊆ . We finish the case when X ⊆ by determining the gate for x ∈ X ∩ C. Now if X ⊆ \C, the symmetry between and ensures that x has a gate in X. If X ⊆ C, then g is a gate for x in X ∩ C. So we can assume that X / ⊂ C. Then by Lemma 5.11, g has a unique neighbourg ∈ \X, and sog is a gate for x in X\C. By the same token,g is a gate for x. Theng serves as a gate for x in X ∩ C, completing the case when X ⊆ . Using the natural symmetry between and , we may assume that X ∩ C and X ∩ C are both nonempty. Hence by Lemma 5.9(1), X acts symmetrically in and . It suffices to show that X has a gate for x ∈ C\X. Now X ∩ C = ∅ and g ∈ C, so g serves as the gate for x in X ∩ C. By Lemma 5.9(2), X ∩ C = X ∩ C and hence using projected gatedness, g serves as the gate for x in X. So X is gated.
Final remarks on duplication
Convex duplication cannot be reversed in general. Indeed, even in the simplest case when the convex set duplicated is a single vertex, we find fully gated graphs obtained by duplication of vertices in graphs that are not fully gated. Taking, for example, a cycle of length six and duplicating all but one of its vertices (in turn), we find an 11-vertex graph which is not fully gated. Duplicating the final vertex, however, leads to a fully gated graph. Indeed, we have the following: Lemma 5.14. Every bipartite graph is an isometric subgraph of a fully gated graph.
Proof. Let B be a connected, bipartite graph. Duplicate every vertex of B to form a graph . is (trivially) fully gated, and B is an isometric subgraph of . If B is disconnected, apply the argument to each connected component.
Graphs with bipartite dominators
When there is a vertex in a bipartite graph which is adjacent to all vertices in the other class of the bipartition then, subject to a weak condition on hexagons, the graph is fully gated. Let = (V , E) be a bipartite graph and suppose that its bipartition is into classes A and B. If {u, v, w} ⊆ A, {x, y, z} ⊆ B, and E contains the edges ux, uy, vy, vz, wz, wx but not the edges uz, vx, wy, the configuration is an induced hexagon. If any two vertices in the induced hexagon have exactly one common neighbour in (which is necessarily also in the hexagon), then the hexagon is ungateable. To justify the use of this term, suppose that u, v share only the neighbour x in . Then {u, v, x} forms a convex set in . But then w is a witness to the fact that the convex set is not gated, since dist(w, u) = dist(w, v) = 2.
In such a bipartite graph , we call a vertex z a bipartite dominator if z ∈ B and {z, x} ∈ E for all x ∈ A. We examine the structure of graphs having a bipartite dominator to determine when they are fully gated. Perhaps surprisingly, they often are.
Theorem 6.1. Let = (V , E) be a connected bipartite graph with bipartition into classes A and B. If contains a bipartite dominator and has no ungateable induced hexagon, then is fully gated.
Proof. Let z ∈ B be a bipartite dominator and B = B\{z}. We examine cases based on the structure of a convex set C of .
Case 1: z ∈ C. If any two vertices x, y ∈ A ∩ C have a common neighbour w ∈ B , then w ∈ C. In addition, whenever w ∈ B ∩ C, all neighbours of w lie in C as they appear on w, z-geodesics.
First suppose that |C ∩ B | = 0. Then every vertex w ∈ A\C can use gate z for C, since dist(w, y) = 2 for y ∈ A ∩ C. Consider w ∈ B . If w has a neighbour in A ∩ C, say t, then t is the only such neighbour (since w / ∈ C). Then t can serve as the gate for w. If w has no neighbour in A ∩ C, it must have a neighbour in A\C, and hence z can serve as its gate.
Second, we suppose that |C ∩ B | 1. Evidently there is no edge from a vertex in B ∩ C to one in A\C, or the latter vertex would appear in C. By the same token, any vertex in B \C can be adjacent to at most one vertex of A ∩ C, or the former would appear in C. To find a gate for w ∈ A\C, the first of these conditions ensures that we can select z as the gate for w. Let us then consider w ∈ B \C.
If w has a (unique) neighbour t ∈ A ∩ C, we claim that t serves as a gate for w. To establish this, we verify that the distances via t from w to each vertex in C do not exceed the distances via paths avoiding t. Now a vertex in (A ∩ C)\{t} has a geodesic to w via t of length 3, and it cannot have a shorter path not via t unless it is itself adjacent to w. However, t is the only neighbour of w in C. Similarly, a vertex of B ∩ C has a geodesic to w via t of length two if it shares the neighbour t with w. If it does not, then the shortest path to w via t has length four. But no path not via t can be shorter since w has no neighbour in A ∩ C other than t.
Finally, w has no neighbour in A ∩ C. We claim then that z can serve as the gate to C for w. For if x ∈ A ∩ C, the geodesic from x to w through z has length three; this is shortest overall as w has no neighbour in C. If instead x ∈ B ∩ C, then the x, w-geodesic through z has length four; this is shortest overall since w has no neighbour in A ∩ C, and there are no edges whatsoever between A\C and B ∩ C.
Case 2: z / ∈ C. Since all common neighbours of vertices in C ∩ A belong to C, it follows that |C ∩ A| 1. If C ∩ A is empty, then the convex set C contains a single vertex from B and hence is gated. So we conclude that C ∩ A contains a single vertex, which we denote by x. Now if C ∩ B is empty, C = {x} and is gated. In the same manner, if C ∩ B contains one vertex y, then C contains the single edge {x, y}; since is bipartite, C is then gated. It remains to treat cases with |C ∩ B| 2. When v, y ∈ B ∩ C, v and y can have no common neighbour other than x (or it would be in C). Now we must determine the gates. The gate for z in C is x. If w ∈ A\{x} and w has a neighbour y in B ∩ C, then y is unique and serves as the gate for w. If w ∈ A\{x} and w has no neighbour in B ∩ C, then x serves as the gate for w. If w ∈ B \C and w is a neighbour of x, then x serves as the gate for w. So suppose that w ∈ B \C and w is not a neighbour of x. Consider the set S of all vertices in B ∩ C which are at distance two from w. Necessarily, each s ∈ S has a neighbour t s ∈ A so that t s is a neighbour of w, t s = x and t s =t s only when s =s . We claim that S has at most one vertex. For if not, S contains two distinct vertices s and s , but then the six vertices s, s , w ∈ B and t s , t s , x ∈ A form an ungateable induced hexagon. If S contains a single vertex y, then y serves as the gate for w. Finally, if S is empty, then x serves as the gate for w (in this case, the w, x-geodesic has length 3, and the w, y-geodesics for y ∈ B ∩ C have length 4).
It follows that if is a fully gated graph and we add a bipartite dominator to it, it remains fully gated. Moreover, any bipartite graph in which each class contains a bipartite dominator is fully gated since it cannot have an ungate-able induced hexagon. We can therefore embed any bipartite graph on v vertices in a fully gated graph H on at most v + 2 vertices so that the automorphism groups of and H are isomorphic. Unlike the graphs produced in Lemma 5.14, graphs obtained by ensuring the presence of a bipartite dominator in each class of the bipartition can retain many nontrivial convex sets other than edges. This suggests the difficulty of obtaining any characterization of fully gated graphs which relies upon induced or isometric subgraphs.
Concluding remarks
The fact that relatively few convex sets need to be examined in order to determine whether a graph is fully gated appears to be crucial in devising an efficient recognition algorithm. Faster recognition algorithms could result from further restrictions on the convex sets and witnesses to be considered. Of prime importance is the question of whether myopic witnesses suffice to determine whether a graph is fully gated.
Structural characterizations of fully gated graphs would be of interest. While our development of convex operations suggests a rich structure for fully gated graphs, perhaps Theorem 6.1 sounds a note of caution. It appears to indicate that replication of convex sets alone cannot account for the structure of fully gated graphs. Indeed, in the absence of a simple characterization of graphs which are trivially fully gated, prospects for a characterization of fully gated graphs are limited.
